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Higher-Page Hodge Theory of Compact Complex Manifolds
Dan Popovici, Jonas Stelzig and Luis Ugarte
Abstract. The main thrust of this work is to extend some basic results in Hodge Theory to the higher
pages of the Fro¨licher spectral sequence. For an arbitrary nonnegative integer r, we introduce the class of
page-r-∂∂¯-manifolds by requiring the analogue of the Hodge decomposition to hold on a compact complex
manifold X when the usual Dolbeault cohomology groups Hp, q
∂¯
(X) are replaced by the spaces Ep, qr+1(X)
featuring on the (r + 1)-st page of the Fro¨licher spectral sequence of X. The class of page-r-∂∂¯-manifolds
coincides with the usual class of ∂∂¯-manifolds when r = 0 but increases as r increases. We give two
kinds of applications. On the one hand, we give a purely numerical characterisation of the page-r-∂∂¯-
property in terms of dimensions of various cohomology vector spaces. On the other hand, we obtain several
classes of examples, including all complex parallelisable nilmanifolds and certain families of solvmanifolds
and abelian nilmanifolds. Further, there are general results about the behaviour of this new class under
standard constructions like blow-ups and deformations.
1 Introduction
Let X be an n-dimensional compact complex manifold. Recall the following notion that goes back to
Deligne-Griffiths-Morgan-Sullivan [DGMS75] in the form (equivalent to that in [DGMS75]) and with the
name given in [Pop14, Definition 1.6].
Definition 1.1. A compact complex manifold X is said to be a ∂∂¯-manifold if for any d-closed pure-type
form u on X, the following exactness properties are equivalent:
u is d-exact ⇐⇒ u is ∂-exact ⇐⇒ u is ∂¯-exact ⇐⇒ u is ∂∂¯-exact.
The classical ∂∂¯-lemma asserts that every compact Ka¨hler manifold is a ∂∂¯-manifold. More generally,
thanks to [DGMS75], every class C manifold (i.e. every compact complex manifold bimeromorphically
equivalent to a compact Ka¨hler manifold) is a ∂∂¯-manifold. However, there exist many ∂∂¯-manifolds that
are not of class C (see e.g. [Cam91], [LP92], [Wu06], [Pop14, Obs. 4.10], [FOU14, Thm 5.2], [Fri19]).
On the other hand, every ∂∂¯-manifold admits a canonical Hodge decomposition and a canonical Hodge
symmetry (accounting for the fact that some authors call these manifolds cohomologically Ka¨hler). In
other words, ∂∂¯-manifolds are those manifolds that support a standard Hodge theory. In particular, the
Fro¨licher spectral sequence (FSS) of any ∂∂¯-manifold degenerates at the first page. However, the converse
fails. (Indeed, as is well known, any non-Ka¨hler compact complex surface provides a counter-example to
the converse.) Meanwhile, ∂∂¯-manifolds also have good deformation and modification properties. For a
review of these and some further properties of ∂∂¯-manifolds, see e.g. [Pop14].
One of our main goals in this work is to relax the notion of ∂∂¯-manifold to accommodate a Hodge
theory involving the higher pages of the Fro¨licher spectral sequence (FSS) of X when degeneration does
not occur at the first page. As a result, we enhance the class of ∂∂¯-manifolds to classes of manifolds that
seem worthy of further attention. This is motivated by the existence of many well-known non-Ka¨hler and
even non-∂∂¯ compact complex manifolds, such as the Iwasawa manifold and higher-dimensional analogues
thereof, whose Fro¨licher spectral sequence degenerates only at the second page or later. Thus, we aim for
a unified Hodge theoretical treatment of as large a class of compact complex manifolds as possible.
This approach enables us to get exact analogues of the usual Hodge decomposition and symmetry
properties for what we call page-(r − 1)-∂∂¯-manifolds using the spaces Ep, qr (X) featuring on the r-th
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page of the FSS, for some given r ≥ 2, rather than the usual spaces Ep, q1 (X) = Hp, q∂¯ (X) of the Dolbeault
cohomology. The standard notion of ∂∂¯-manifold coincides with that of page-0-∂∂¯-manifold, while the
class of page-r-∂∂¯-manifolds, our main find in this work, grows as r ∈ N increases.
1.1 The definition of page-r-∂∂¯-manifolds
The following statement and the ensuing terminology explainer sum up several results and definitions of
section 2.
Theorem and Definition 1.2. Let X be a compact complex manifold with dimCX = n. Fix an arbitrary
r ∈ N?. The following statements are equivalent.
(1) X has the Er-Hodge Decomposition property, i.e. for every k, there is a well-defined canon-
ical isomorphism ⊕
p+q=k
Ep, qr (X) −→ HkDR(X, C).
(2) The Fro¨licher spectral sequence of X degenerates at Er and the De Rham cohomology of X is
pure.
A compact complex manifold X that satisfies any of the equivalent conditions (1) and (2) is said to be a
page-(r − 1)-∂∂¯-manifold.
Let us explain the terminology used in the above statement. See section 2 for details.
(a) By well-defined and canonical we mean that each class c ∈ Ep,qr (X) admits a d-closed represen-
tative αp,q of pure type and the map c 7→ [αp,q]DR is independent of the choice of such a representative.
(b) The De Rham cohomology of X is said to be pure if, for every k, the vector subspaces Hp, qDR(X, C)
of HkDR(X, C), consisting of De Rham cohomology classes representable by pure-type (p, q)-forms with
p+ q = k, are in a direct sum and fill out HkDR(X, C). This is a well-studied property. In algebro-geometric
parlance, it means that the De Rham cohomology carries a pure Hodge structure of weight k (see e.g.
[Del71]), while in differential geometry it is sometimes referred to as C∞-pure and full (see e.g. [LZ09]).
1.2 Examples and applications
We give an algebraic characterisation of the page-r-∂∂¯-property in terms of indecomposable direct sum-
mands of the double complex of C-valued forms on X. As an application, we obtain the following numerical
characterisation. The inequality part is well known (see [AT13]), while the characterisation of the equality
is new.
Theorem 1.3. Let X be a compact complex manifold with dimCX = n. Then, for every bidegree (p, q),
the following inequality holds:
hp, qBC + h
p, q
A ≥ hp, q∂¯ + h
q, p
∂¯
. (1)
Moreover, X is a page-1-∂∂¯-manifold if and only if (1) is an equality for every bidegree (p, q)
2
Actually, we also prove analogous statements for r ≥ 2. (See Theorem 3.1.) In that case, even the in-
equality part is new. In particular, Theorems 1.3 and 3.1 yield new numerical criteria for both purity and de-
generation of the Fro¨licher spectral sequence at page r+1 (but not necessarily at page r). To our knowledge,
the only other known numerical condition to imply this degeneration is the classical dimEr+1(X) = b(X),
while the only other numerical condition to imply purity is the (stronger) hBC(X) + hA(X) = b(X).
In section 4, we provide examples of primary (i.e. not derived from others of their kind) page-r-∂∂¯-
manifolds that are not page-0-∂∂¯-manifolds (i.e. not ∂∂¯-manifolds in the usual sense).
We produce three different classes of such examples with r = 1:
(1) all the complex parallelisable nilmanifolds (see Theorem 4.7). These are not ∂∂¯-manifolds
unless they are complex tori. This class of manifolds includes the complex 3-dimensional Iwasawa manifold,
but is far wider;
(2) two families of nilmanifolds with abelian complex structures with members of arbitrarily
high dimensions. (See Theorem 4.8 and Proposition 4.10.) In some sense, these form the opposite of the
above class (1) among nilmanifolds (see Remarks 4.9 and 4.11);
(3) certain Nakamura solvmanifolds (which are not nilmanifolds) and certain small deformations
thereof studied by Angella and Kasuya in [AK17]. (See Corollary 3.3.)
In section 5, we study the behaviour of page-r-∂∂¯-manifolds under standard geometric operations. In
particular, we obtain construction methods for new examples from given ones. These include:
(4) products of page-ri-∂∂¯-manifolds, with possibly different ri’s;
(5) blow-ups of page-r1-∂∂¯-submanifolds of page-r2-∂∂¯-manifolds, possibly with r1 6= r2;
(6) the projectivised bundle P(V) of any holomorphic vector bundle V on a page-r-∂∂¯-manifold;
(7) small deformations of a page-1-∂∂¯-manifold with fixed Hodge numbers.
2 Page-r-∂∂¯-manifolds
In this section, we give the main definitions and some of the basic properties of the new class of manifolds
that we introduce herein. Unless otherwise stated, X will stand for an n-dimensional compact complex
manifold.
2.1 Preliminaries
We start by recalling some well-known facts in order to fix the setup and to spell out the relationship
between the Fro¨licher spectral sequence and the De Rham cohomology when the latter is pure in a sense
that will be specified.
(I) For all non-negative integers k ≤ 2n and p ≤ min{k, n}, it is standard to put
FpC∞k (X, C) :=
⊕
i≥p
C∞i, k−i(X) ⊂ C∞k (X, C) (2)
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and get a filtration of C∞k (X, C) for every k:
{0} ⊂ · · · ⊂ Fp+1C∞k (X, C) ⊂ FpC∞k (X, C) ⊂ · · · ⊂ C∞k (X, C). (3)
It is equally standard to put
F pHkDR(X, C) :=
FpC∞k (X, C) ∩ ker d
FpC∞k (X, C) ∩ Im d
⊂ HkDR(X, C),
the subspace of De Rham cohomology classes of degree k that are representable by forms in FpC∞k (X, C),
to get a filtration of HkDR(X, C) for every k:
{0} ⊂ · · · ⊂ F p+1HkDR(X, C) ⊂ F pHkDR(X, C) ⊂ · · · ⊂ HkDR(X, C). (4)
Let us now recall the following standard result (see e.g. [Fro¨55, Lemma 2]).
Theorem 2.1. Let X be an n-dimensional compact complex manifold. For every p, q ∈ {0, . . . , n}, the
vector space Ep, q∞ (X) of type (p, q) on the degenerating page of the Fro¨licher spectral sequence of X is
canonically isomorphic to the relevant graded module associated with the filtration (4):
Ep, q∞ (X) ' GpHp+qDR (X, C) :=
F pHp+qDR (X, C)
F p+1Hp+qDR (X, C)
,
where the canonical isomorphism GpH
p+q
DR (X, C) ' Ep, q∞ (X) is induced by the projection
F pHp+qDR (X, C) 3
{∑
i≥p
ui, p+q−i
}
DR
7→ {up, q}E∞ ∈ Ep, q∞ (X).
The following statement is immediate to prove.
Lemma 2.2. The following relations hold:
C∞k (X, C) = FpC∞k (X, C)⊕Fk−p+1C∞k (X, C) for all 0 ≤ p ≤ min{k, n}; (5)
C∞p, q(X) = FpC∞k (X, C) ∩ FqC∞k (X, C) for all p, q such that p+ q = k. (6)
(II) On the other hand, for all p, q ∈ {0, . . . , n}, let us consider the following space of De Rham
cohomology classes of degree p+ q that are representable by pure-type (p, q)-forms:
Hp, qDR(X) :=
{
c ∈ Hp+qDR (X, C) | ∃α ∈ C∞p, q(X) ∩ c
}
⊂ Hp+qDR (X, C).
This definition makes it obvious that the analogue of the Hodge symmetry for the spaces Hp, qDR(X)
always holds. In other words, the conjugation induces an isomorphism
Hp, qDR(X) ∈ {α}DR 7→ {α¯}DR ∈ Hq, pDR(X) for all 0 ≤ p, q ≤ n. (7)
The following analogue in cohomology of identity (6), resp. of one of the inclusions defining the filtration
(2) of C∞k (X, C), can be immediately proved to hold.
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Lemma 2.3. The following relations hold:
Hp, qDR(X) = F
pHkDR(X, C) ∩ F qHkDR(X, C) for all p, q such that p+ q = k; (8)
H i, k−iDR (X) ⊂ F pHkDR(X, C) for all i ≥ p and all p ≤ k. (9)
Proof. Everything is obvious, except perhaps the inclusion “⊃“ in (8) which can be proved as fol-
lows. Let {α}DR = {β}DR ∈ F pHkDR(X, C) ∩ F qHkDR(X, C) with α =
∑
i≥p α
i, k−i ∈ FpC∞k (X, C)
and β =
∑
s≤p β
s, k−s ∈ FqC∞k (X, C). Since α and β are De Rham-cohomologous, there exists a form
σ ∈ C∞k−1(X, C) such that α− β = dσ. This identity implies, after equating the terms with a holomorphic
degree > p on either side, the second identity below:
α− αp, q =
∑
i>p
αi, k−i = d(
∑
j≥p
σj, k−1−j)− ∂¯σp, q−1,
which, in turn, implies that {α}DR = {αp, q − ∂¯σp, q−1}DR. Since αp, q − ∂¯σp, q−1 is a (p, q)-form, we get
{α}DR ∈ Hp, qDR(X) and we are done. 
Note that, with no assumption on X, the subspaces H i, k−iDR (X) may have non-zero mutual intersections
inside HkDR(X, C), so they may not sit in a direct sum.
Let us now introduce the following
Definition 2.4. Let X be an n-dimensional compact complex manifold. The De Rham cohomology of X is
said to be pure if
HkDR(X, C) =
⊕
p+q=k
Hp, qDR(X) for all k ∈ {0, . . . , 2n}.
Note that the above definition requires all the subspaces Hp, qDR(X) of H
k
DR(X, C) with p+ q = k to form
a direct sum and to add up to the total space HkDR(X, C).
Note on terminology 2.5. Some authors call this property complex-C∞-pure-and-full in degree k (cf.
[LZ09]). It was remarked in [AT11] that the complex-C∞-full property in degree k (i.e. the sum of the
Hp, qDR(X)’s is not necessarily direct but it fills out H
k
DR(X, C)) implies the complex-C∞-pure property in
degree (2n − k) (i.e. the sum of the Hp, qDR(X)’s is direct but it may not fill out H2n−kDR (X, C)). We will
show further down that the converse is also true, i.e. the complex-C∞-pure property in degree k implies
the complex-C∞-full property in degree (2n−k). Therefore, compact complex manifolds satisfying either
the complex-C∞-full property in every degree k or the complex-C∞-pure property in every degree
k are of pure De Rham cohomology in the sense of our Definition 2.4.
Proposition 2.6. Suppose X is an n-dimensional compact complex manifold whose De Rham cohomology
is pure. Then
F pHkDR(X, C) =
⊕
i≥p
H i, k−iDR (X) for all p ≤ k. (10)
In particular, the spaces Ep, q∞ (X) in the Fro¨licher spectral sequence of X are given by
Ep, q∞ (X) ' Hp, qDR(X) for all p, q ∈ {0, . . . , n}, (11)
where ' stands for the canonical isomorphism induced by the identity.
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Proof. Inclusion “⊃ “ in (10) follows at once from (9) and from the De Rham purity assumption.
To prove inclusion “⊂ “ in (10), let {α}DR ∈ F pHkDR(X, C) with α =
∑
r≥p
αr, k−r ∈ ker d. Since
F pHkDR(X, C) ⊂ HkDR(X, C) = ⊕p+q=kHp, qDR(X) (the last identity being due to the purity assumption),
there exist pure-type d-closed forms βr, k−r such that {α}DR = {
∑
0≤r≤k β
r, k−r}DR. Hence, there exists a
(k − 1)-form σ such that α−∑0≤r≤k βr, k−r = −dσ, which amounts to
αr, k−r − βr, k−r + ∂σr−1, k−r + ∂¯σr, k−r−1 = 0, r ∈ {0, . . . , k},
with the understanding that αr, k−r = 0 whenever r < p.
Therefore, βr, k−r = ∂σr−1, k−r + ∂¯σr, k−r−1 whenever r < p. Since every βr, k−r is d-closed (hence also
∂- and ∂¯-closed), we infer that σr−1, k−r and σr, k−r−1 are ∂∂¯-closed for every r < p. Hence
k∑
r=0
βr, k−r − d(∑
r<p
σr, k−r−1) =
∑
r<p
(βr, k−r − ∂σr−1, k−r − ∂¯σr, k−r−1)− ∂σp−1, k−p +
k∑
r≥p
βr, k−r
=
∑
r≥p
βr, k−r − ∂σp−1, k−p.
(12)
Note that from the identity βp−1, k−p+1 = ∂σp−2, k−p+1 + ∂¯σp−1, k−p and the d-closedness of βp−1, k−p+1 we
infer that ∂σp−1, k−p ∈ ker d.
Thus, (12) shows that the k-form
∑
r≥p β
r, k−r − ∂σp−1, k−p ∈ FpC∞k (X, C), whose all pure-type com-
ponents are d-closed, is De Rham-cohomologous to
∑
0≤r≤k β
r, k−r, hence to α. Consequently, we have
{α}DR =
{∑
r≥p
βr, k−r − ∂σp−1, k−p
}
DR
∈
⊕
i≥p
H i, k−iDR (X).
The proof of (10) is complete.
Identity (11) follows at once from (10) and from Theorem 2.1. 
2.2 Definition of page-r-∂∂¯-manifolds
Recall that X is a fixed n-dimensional compact complex manifold and Ep, qr (X) stands for the space of
bidegree (p, q) on the r-th page of the Fro¨licher spectral sequence of X.
Definition 2.7. Fix r ∈ N? and k ∈ {0, . . . , 2n}. We say that the identity induces an isomorphism
between ⊕p+q=kEp, qr (X) and HkDR(X, C) if the following two conditions are satisfied:
(a) for every bidegree (p, q) with p + q = k, every class {αp, q}Er ∈ Ep, qr (X) contains a d-closed
representative of pure type αp, q ∈ C∞p, q(X) ;
(b) the linear map⊕
p+q=k
Ep, qr (X) 3
∑
p+q=k
{αp, q}Er 7→
{ ∑
p+q=k
αp, q
}
DR
∈ HkDR(X, C)
is well-defined (in the sense that it does not depend on the choices of d-closed representatives αp, q of the
classes {αp, q}Er) and bijective.
Moreover, if, for a fixed r ∈ N?, the identity induces an isomorphism ⊕p+q=kEp, qr (X) ' HkDR(X, C) for
every k ∈ {0, . . . , 2n}, we say that the manifold X has the Er-Hodge Decomposition property.
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Note that whenever the identity induces a well-defined (not necessarily injective) linear map Ep, qr (X) −→
HkDR(X, C), the image of this map is H
p, q
DR(X). Indeed, one inclusion is obvious. The reverse inclusion
follows from the observation that any d-closed (p, q)-form defines an Er-cohomology class (i.e. it is Er-
closed in the terminology of [Pop19]). Further note that whenever X has the Er-Hodge Decomposition
property, the Fro¨licher spectral sequence of X degenerates at Er (at the latest).
Definition 2.8. Fix r ∈ N? and p, q ∈ {0, . . . , n}. We say that the conjugation induces an isomorphism
between Ep, qr (X) and the conjugate of E
q, p
r (X) if the following two conditions are satisfied:
(a) every class {αp, q}Er ∈ Ep, qr (X) contains a d-closed representative of pure type αp, q ∈ C∞p, q(X);
(b) the linear map
Ep, qr (X) 3 {αp, q}Er 7→ {αp, q}Er ∈ Eq, pr (X)
is well-defined (in the sense that it does not depend on the choice of d-closed representative αp, q of the
class {αp, q}Er) and bijective.
Moreover, if, for a fixed r ∈ N?, the conjugation induces an isomorphism Ep, qr (X) ' Eq, pr (X) for every
p, q ∈ {0, . . . , n}, we say that the manifold X has the Er-Hodge Symmetry property.
We shall now see that the Er-Hodge Decomposition property implies the Er-Hodge Symmetry property.
This follows from the following characterisation of the former property.
Theorem and Definition 2.9. Let X be a compact complex manifold with dimCX = n. Fix an arbitrary
r ∈ N?. Then, the following two conditions are equivalent:
(i) X has the Er-Hodge Decomposition property;
(ii) the Fro¨licher spectral sequence of X degenerates at Er (we will denote this by Er(X) = E∞(X))
and the De Rham cohomology of X is pure.
A compact complex manifold X that satisfies any of the equivalent conditions (i) and (ii) is said to be
a page-(r − 1)-∂∂¯-manifold.
Proof. (i) =⇒ (ii) We have already noticed that the Er-Hodge Decomposition property implies Er(X) =
E∞(X) and that the image of each E
p, q
r (X) in H
p+q
DR (X, C) under the map induced by the identity is
Hp, qDR(X). We get (ii).
(ii) =⇒ (i) Since the De Rham cohomology of X is supposed pure, we know from Proposition 2.6
that Ep, q∞ (X) ' Hp, qDR(X) (isomorphism induced by the identity) for all bidegrees (p, q). On the other hand,
Ep, q∞ (X) = Ep, qr (X) for all bidegrees (p, q) since we are assuming that Er(X) = E∞(X). Combined with
the De Rham purity assumption, these facts imply that X has the Er-Hodge Decomposition property. 
Corollary 2.10. Any page-(r − 1)-∂∂¯-manifold has the Er-Hodge Symmetry property.
Proof. We have already noticed in (7) that the conjugation (trivially) induces an isomorphism between any
space Hp, qDR(X) and the conjugate of H
q, p
DR(X). Meanwhile, we have seen that the page-(r−1)-∂∂¯-assumption
implies that the identity induces an isomorphism between any space Ep, qr (X) and H
p, q
DR(X). Hence, the
conjugation induces an isomorphism between any space Ep, qr (X) and the conjugate of E
q, p
r (X). 
Another obvious consequence of (ii) of Theorem and Definition 2.9 is that the page-r-∂∂¯-property
becomes weaker and weaker as r increases.
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Corollary 2.11. Let X be a compact complex manifold. Then, for every r ∈ N?, the following implication
holds:
X is a page-r-∂∂¯-manifold =⇒ X is a page-(r + 1)-∂∂¯-manifold.
Indeed, the purity of the De Rham cohomology is independent of r, while the property Er(X) = E∞(X)
obviously implies Er+1(X) = E∞(X) for every r ∈ N.
2.3 Characterisation in terms of squares and zigzags
The goal of this section is to relate the page-r-∂∂¯-property to structural results about double complexes.
Specifically, we work here with arbitrary double complexes, i.e. bigraded vector spaces A =
⊕
p,q∈ZA
p,q
with endomorphisms ∂1, ∂2 of bidegrees (1, 0), resp. (0, 1), satisfying d
2 = 0 for d = ∂1 + ∂2. This degree of
generality has the advantage of emphasising which aspects of the theory are purely algebraic. Even if one
is only interested in the complex AX := (C
∞
p, q(X), ∂, ∂¯) of C-valued forms on a complex manifold X, in the
more general setting one can consider certain finite-dimensional subcomplexes on an equal footing.
There are now two Fro¨licher-style spectral sequences, starting from column, i.e. (∂2-), resp. row, i.e.
(∂1-), cohomology and converging to the total (De Rham) cohomology of (A, d). We denote them by
iE
p,q
r (A) =⇒ (Hp+qDR (A), Fi) i = 1, 2.
In the case A = AX , the case i = 1 is the Fro¨licher spectral sequence and i = 2 its conjugate.
The following is a minor extension to general double complexes of the definition (based on its second
characterisation) of the page-(r − 1)-∂∂¯-property of manifolds.
Definition 2.12. A double complex A is said to satisfy the page-(r − 1)-∂1∂2-property if both Fro¨licher
spectral sequences degenerate at page r and the De Rham cohomology is pure.
Just as before, one can also see that this property is equivalent to the statement that for i = 1, 2, every
iE
p,q
r (X)-class contains a (∂1 + ∂2)-closed representative and the corresponding map⊕
p+q=k
iE
p,q
r (A) −→ HkDR(A)
induced by the identity is well-defined and bijective.
The following observation will motivate the subsequent considerations.
Observation 2.13. The Fro¨licher spectral sequences, as well as HDR, HA and HBC , are compatible with
direct sums. In particular, if A = B ⊕ C, then A satisfies the page-r-∂1∂2-property if and only if B and C
do.
Recall that a (nonzero) double complex A is called indecomposable if there exists no nontrivial
decomposition A = B ⊕ C into subcomplexes B,C, while A is called bounded if Ap,q 6= 0 for only finitely
many bidegrees (p, q).
Theorem 2.14. ([Ste20, KQ19])
For every bounded double complex over a field K, there exists an isomorphism
A ∼=
⊕
C
C⊕multC(A),
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where C runs over a set of representatives for the isomorphism classes of bounded indecomposable double
complexes and multC(A) are cardinal numbers uniquely determined by A.
Moreover, each bounded indecomposable double complex is isomorphic to a complex of one of the
following types:
• square: a double complex generated by a single pure-(p, q)-type element a in a given bidegree with no
further relations:
〈∂2a〉 〈∂2∂1a〉
〈a〉 〈∂1a〉.
• even-length zigzag of type 1 and length 2l. This is a complex generated by elements a1, ...al
and their differentials such that ∂2a1 = 0 and ∂1a1 = −∂2a2, ∂1a2 = −∂2a3, ..., ∂1al−1 = −∂2al,
∂1al 6= 0. It is of the shape:
〈a1〉 〈∂1a1〉
〈a2〉
〈al〉 〈∂1al〉.
···
Here, as in all the following examples, the length of a zigzag is the number of its vertices.
• even-length zigzag of type 2 and length 2l. This is a complex of the shape:
〈∂2a1〉
〈a1〉 〈∂1a1〉
〈a2〉
〈al〉.
···
• odd-length zigzag of type M and length 2l + 1. This is a complex generated by elements
a1, ...., al+1 such that ∂1ai = −∂2ai+1, ∂2a1 = 0 and ∂1al+1 = 0. It has the shape:
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〈a1〉 〈∂1a1〉
〈a2〉
〈al+1〉.
···
The special case where l = 0 is also called a dot.
• odd-length zigzag of type L and length 2l+ 1 (l > 0). This is a complex generated by elements
a1, ..., al such that both ∂2a1 6= 0 6= ∂1al and ∂1ai = −∂2ai+1. It has the shape:
〈∂2a1〉
〈a1〉 〈∂1a1〉
〈∂2al〉
〈al〉 〈∂1al〉.
···
It is a useful exercise to work out which indecomposable complexes satisfy the page-r-∂1∂2-property.
Doing it and combining it with Observation 2.13, one gets
Theorem 2.15. Let A be a bounded double complex over a field K. The following are equivalent:
1. A satisfies the page-r-∂1∂2-property.
2. There exists an isomorphism between A and a direct sum of squares, even-length zigzags of length
≤ 2r and odd-length zigzags of length one (i.e. dots).
Proof. It follows at once from [Ste20, Thm C, Prop. 6, Cor. 7] as pointed out above. 
Remark 2.16. This theorem also gives a quick alternative proof to Prop. 4.1 (equivalence of page-0-∂1∂2
with the usual ∂1∂2-property) of the next subsection.
Indeed, the page-0-∂1∂2-property means that there is a decomposition of A into squares and dots. Obvi-
ously, both satisfy the usual ∂1∂2-property. Conversely, in any zigzag of length ≥ 2, there is a closed element
(‘form’) of pure type, which is ∂1- or ∂2-exact, but no nonzero element in a zigzag is ∂1∂2-exact. Hence, if
A satisfies the usual ∂1∂2-property, in any decomposition of A into elementary complexes only squares and
length-one zigzags can occur.
Definition 2.17. A map A −→ B of double complexes is an Er-isomorphism if iEr(f) is an isomorphism
for i ∈ {1, 2}.
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One writes A 'r B if there exist such an Er-isomorphism. The usefulness of this notion stems from the
following
Lemma 2.18. ([Ste20, Prop. 12])
If H is a linear functor from the category of double complexes to the category of vector spaces which maps
squares and even-length zigzags of length ≤ 2r to 0, then H(f) is an isomorphism for any Er-isomorphism
f .
Lemma 2.19. ([Ste20, Prop. 11])
For two double complexes A,B one has A '1 B if and only if ‘the same zigzags occur in A and B’, i.e.
multZ(A) = multZ(B) for all zigzags Z.
Example 2.20. Examples of functors H satisfying the hypotheses of Lemma 2.18 are provided by HDR,
Hp,qBC , E
p,q
r or H
p,q
A .
By their explicit description above, one sees that an indecomposable double complex C is determined
up to isomorphism by its shape S(C) = {(p, q) ∈ Z2 | Cp,q 6= 0}. Abusing notation slightly, it is sometimes
convenient to write multS(A) instead of multC(A), when S = S(C).
We will need the following duality results in the special case A = AX , which follow from the real
structure and the Serre duality.
Lemma 2.21. ([Ste20, Ch. 4])
Let A = AX for a compact complex manifold X and define the conjugate complex by A¯
p,q = Ap,q and
the dual complex DA by DAp,q = Hom(An−p,n−q,C), for all p, q.
Then, conjugation ω 7→ ω and integration ω 7→ ∫X ω∧ define an isomorphism, resp. an E1-isomorphism:
A ∼= A¯, resp. A→ DA.
In particular, the set of zigzags occuring in AX is symmetric under reflection along the diagonal and
the antidiagonal. More precisely, for any zigzag shape S, multS(A) = multrS(A) = multdS(A), where
rS = {(p, q) ∈ Z2 | (q, p) ∈ S} and dS := {(p, q) ∈ Z2 | (n− p, n− q) ∈ S}.
As a consequence, we obtain
Proposition 2.22. Fix arbitrary integers 0 ≤ k ≤ 2n.
A compact complex manifold X of dimension n satisfies the complex-C∞-pure property in degree k if
and only if it satisfies the complex-C∞-full property in degree 2n− k
Proof. Let Z be a zigzag with HkDR(Z) 6= 0. The sum of the subspaces Hp,qDR(Z) with p + q = k is not
direct if and only if Z is of odd length and of type L. Meanwhile, the sum of the subspaces Hp,qDR(Z) with
p+ q = k is strictly contained in HkDR(Z) if and only if Z is of odd length > 1 (i.e. not a dot) and of type
M . (See [Ste20, Prop. 6, Cor. 7] for both of these statements.).
Hence, X is complex-C∞-pure in degree k if and only if multZ(AX) = 0 for all odd zigzags Z of type L
with HkDR(Z) 6= 0 and X is complex C∞-full in degree k if and only if multZ(AX) = 0 for all odd zigzags
Z of type M and length > 1 with HkDR(Z) 6= 0.
The result then follows from Lemma 2.21 and Lemma 2.19 since zigzags of type L and those of type M
and length greater than 1 are exchanged when forming the dual complex.
Corollary 2.23. For a compact complex manifold X, the following statements are equivalent:
1. X satisfies the complex-C∞-pure property in all degrees;
2. X satisfies the complex-C∞-full property in all degrees;
3. The De Rham cohomology of X is pure (in the sense of Definition 2.4).
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3 Numerical characterisation of page-r-∂∂¯-manifolds and ap-
plications
Let X be a compact connected complex manifold. Let b(X) =
∑
k∈Z bk(X), hBC(X) =
∑
p,q∈Z h
p,q
BC(X)
and define hA(X), h∂(X) and h∂¯(X) analogously. Angella and Tomassini showed in [AT13] that there are
inequalities:
hBC(X) + hA(X)
(∗)
≥ h∂¯(X) + h∂(X)
(∗∗)
≥ 2 b(X) (13)
and that both of these inequalities are equalities if and only if X is a ∂∂¯-manifold.
It is a standard fact about spectral sequences that equality in (∗∗) is equivalent to the degeneration at E1
of the Fro¨licher spectral sequence (and its conjugate). One application of our methods is a generalisation of
inequality (∗) and a characterisation of the equality case in terms of our new classes of manifolds introduced
in this paper. The following general statement is new.
Theorem 3.1. For every compact complex manifold X and for every r ∈ N?, there is an inequality:
hBC(X) + hA(X) ≥ 2
(
r∑
i=1
ei(X)− (r − 1)b(X)
)
,
where ei :=
∑
p,q∈Z dimE
p,q
i (X). Moreover, equality holds for some fixed r ∈ N? if and only if X is a
page-r-∂∂¯-manifold.
In particular, for r = 1, we obtain the characterisation of the equality case in (∗), i.e. Theorem 1.3.
Remark 3.2. Since hp, qBC(X) = h
n−p, n−q
A (X) by duality, one gets hBC(X) = hA(X) and conjugation yields
h∂(X) = h∂¯. Therefore, one can replace (13) by the equivalent inequalities hBC(X) ≥ h∂¯(X) ≥ b(X) and
have the same characterisations for the equality cases.
For a concrete (non-nilmanifold) instance where this characterisation can be applied, consider G :=
Cnφ C2, where φ is either
φ(z) =
(
ez 0
0 e−z
)
or φ(z) =
(
eRe(z) 0
0 e−Re(z)
)
(complex parallelizable, resp. completely solvable case) and define X to be the quotient of G by a lattice of the
form ΓnφΓ′ with Γ ⊂ C, Γ′ ⊂ C2 lattices. These were studied in [Nak75] and are called Nakamura manifolds.
They are among the best known solvmanifolds, but are not nilmanifolds. In [AK17], Angella and Kasuya
computed the Hodge, Bott-Chern and Aeppli numbers for certain families of lattices Γ. (These numbers
turn out to be independent of Γ′). In particular, their calculations yield the equality hBC(X) = h∂¯(X).
Hence, by Theorem 1.3
Corollary 3.3. The complex parallelisable and completely solvable Nakamura manifolds considered in
[AK17] are page-1-∂∂¯-manifolds.
Using the upper-semicontinuity of hBC and hA in families of manifolds, we infer the stability of page-1-
∂∂¯-manifolds with fixed Hodge numbers under small deformations of the complex structure from Theorem
1.3. The analogous statement for r ≥ 2 and constant ei with i ≤ r also holds.
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Corollary 3.4. If X0 is a page-1-∂∂¯-manifold, then every sufficiently small deformation Xt of X0 which
satisfies h∂¯(Xt) = h∂¯(X0) is again page-1-∂∂¯.
If one drops the condition on constant Hodge numbers, one cannot say much in general. In fact, as we
will see, the Iwasawa manifold is page-1-∂∂¯, but any small deformation with different Hodge numbers is not.
In order to prove Theorem 3.1 we will work with abstract bounded double complexes rather than double
complexes of forms and prove the following (more general) statement.
For a bounded double complex A with finite-dimensional cohomology, let 1er(A), resp. 2er(A), be the total
dimension of the r-th page of the row, resp. column, spectral sequence. There is always an inequality:
hBC(A) + hA(A) ≥
r∑
i=1
(1ei(A) + 2ei(A))− 2(r − 1)b(A)
and the equality is equivalent to the page-r-∂1∂2 property for A.
Proof of Theorem 3.1 Let us compute the quantities
LHS := hA + hBC and RHSr :=
r∑
i=1
(1ei + 2ei))− 2(r − 1)b
individually for every possible indecomposable double complex, i.e. for squares and all zigzags. The result
then follows from the additivity of both quantities under direct sums.
Before spelling out the details, let us say that LHS counts all the zigzags, weighted by their length,
and counts the dots twice. When r = 1, RHS1 counts all the zigzags twice. For an arbitrary r, the count
on the right becomes slightly more involved.
For a square S, one has hA(S) = hBC(S) = 1ei(S) = 1ei(S) = b(S) = 0, so LHS(S) = RHSr(S) = 0
for any r.
For a dot D, one has hA(D) = hBC(D) = 1ei(D) = 2ei(D) = b(S) = 1, so LHS(D) = RHSr(D) for
any r.
For any other zigzag Z of length l ≥ 2, one has LHS(Z) = l, while RHS depends on the parity of the
length l. For l odd, one has 1ei(Z) = 2ei(Z) = 1 for all i and b(Z) = 1, so RHSr(Z) = 2. In particular, the
inequality is always strict for odd l > 2. If l = 2k is even, then b(Z) = 0 and
1ei(Z) + 2ei(Z) =
{
2 for i ≤ k
0 otherwise.
Therefore,
RHSr(Z) = min{2r, l}.
Thus, we get the inequality. Moreover, equality holds if and only if l ≤ 2r. This completes the proof. 
4 Examples of page-r-∂∂¯-manifolds and counterexamples
We shall organise our examples in several classes, each flagged by a specific heading.
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4.1 The case r = 0 and low dimensions
The first observation is the following rewording of (5.21) in [DGMS75].
Proposition 4.1. For any compact complex manifold X, the following equivalence holds:
X is a ∂∂¯-manifold ⇐⇒ X is a page-0-∂∂¯-manifold.
In dimensions one and two, it follows from well-known results that the only possible examples of page-
r-∂∂¯-manifolds are Ka¨hler:
Observation 4.2. Any compact complex curve is Ka¨hler, hence a ∂∂¯-manifold. A compact complex surface
is a page-r-∂∂¯-manifold (for some r) if any only if it is Ka¨hler.
Proof. It is standard that the Fro¨licher spectral sequence of any compact complex surface degenerates at
E1. It is equally standard that H
k
DR is always pure for k = 0, 2, 4, while it follows from the Buchdahl-Lamari
results (see [Buc99] and [Lam99]) that H1DR (and hence H
3
DR) is pure iff the surface is Ka¨hler. 
4.2 Case of the Iwasawa manifold and its small deformations
Recall that the Iwasawa manifold I(3) is the nilmanifold of complex dimension 3 obtained as the quotient of
the Heisenberg group of 3×3 upper triangular matrices with entries in C by the subgroup of those matrices
with entries in Z[i].
It is well known that the Iwasawa manifold is not a ∂∂¯-manifold. In fact, its Fro¨licher spectral sequence
is known to satisfy E1 6= E2 = E∞. On the other hand, it is known that the De Rham cohomology of the
Iwasawa manifold can be generated in every degree by De Rham classes of (d-closed) pure-type forms. (See
e.g. [Ang14].) Together with Cor. 2.23 this yields
Proposition 4.3. The Iwasawa manifold is a page-1-∂∂¯-manifold.
However, the situation is more complex for the small deformations of the Iwasawa manifold, all of
which are already known to not be ∂∂¯-manifolds. The following result shows, in particular, that unlike the
∂∂¯-property, the page-1-∂∂¯-property is not deformation open.
Proposition 4.4. Let (Xt)t∈B be the Kuranishi family of the Iwasawa manifold X0. For every t ∈ B, we
have:
(i) Xt is a page-1-∂∂¯-manifold if and only if Xt is complex parallelisable (i.e. lies in Nakamura’s
class (i));
(ii) if Xt lies in one of Nakamura’s classes (ii) or (iii), the De Rham cohomology of Xt is not pure,
so Xt is not a page-r-∂∂¯-manifold for any r ∈ N.
Proof. That deformations in Nakamura’s class (i) are page-1-∂∂¯-manifolds can be proved in the same way
as the Iwasawa manifold was proved to have this property in Proposition 4.3. This fact also follows from
the far more general Proposition 4.7 since all the small deformations Xt of X0 are nilmanifolds.
To show (ii), we will actually prove a slightly more general result. Calculations of Angella [Ang14] show
that the hypotheses of the next Lemma are satisfied in this case. 
Lemma 4.5. Let X be a compact complex manifold with b1 = 4, h
1,0
∂¯
= h0,1
∂¯
= 2 and h1,0A = 3. Then, either
H1DR(X,C) or H2DR(X,C) is not pure.
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Proof. The proof is combinatorial and uses the notation of [Ste20]. We will exploit the fact that the De
Rham, Dolbeault and Aeppli cohomologies of indecomposable complexes are computable. This is spelt out
in detail in [Ste20]. Summarised briefly, an even-length zigzag has a nonzero differential in the Fro¨licher
spectral sequence or its conjugate, but has no De Rham cohomology. Meanwhile, odd-length zigzags have
no differentials in the Fro¨licher spectral sequence, but have a nonzero De Rham cohomology and hp,qA counts
the zigzags that have a nonzero component in degree (p, q) with possibly outgoing but no incoming arrows.
Specifically, denote by A = (C∞p, q(X), ∂, ∂¯) the double complex of C-valued forms on X. We investigate
for which zigzag shapes S with (1, 0) ∈ S or (0, 1) ∈ S, one can have multS(A) 6= 0. Assume H1DR(X,C)
is pure. This is equivalent to multSp,q1 (A) = 0 unless p + q = 1, i.e. (p, q) = (1, 0) or (p, q) = (0, 1), in
which case mult
S1,01
(A) = mult
S0,11
(A) = 2. Since h1,0
∂¯
+ h0,1
∂¯
= b1, there are no differentials in the Fro¨licher
spectral sequences starting or ending in (1, 0) or (0, 1), i.e., one has multS(A) = 0 for all even-length zigzag
shapes such that (1, 0) ∈ S or (0, 1) ∈ S. The only possible zigzag shapes containing (1, 0) or (0, 1) that
are left are S1,22 , S
2,1
2 and S
2,2
2 . One of the latter two has to occur since otherwise we would have h
1,0
A = 2.
But this means that H2DR(X,C) is not pure! 
4.3 Case of complex parallelisable nilmanifolds
We will now prove that all complex parallelisable nilmanifolds are page-1-∂∂¯-manifolds. On the one hand,
this generalises one implication in (i) of Proposition 4.4. On the other hand, it provides a large class of
page-1-∂∂¯-manifolds that are not ∂∂¯-manifolds. Indeed, it is known that a nilmanifold Γ\G is never ∂∂¯ (or
even formal in the sense of [DGMS75]) unless it is Ka¨hler (i.e. a complex torus, or equivalently, the Lie
group G is abelian).
Recall that a compact complex parallelisable manifold X is a manifold whose holomorphic tangent
bundle is trivial. By Wang’s theorem [Wan54], X is a quotient Γ\G of a complex Lie group G by a co-
compact, discrete subgroup Γ. When G is nilpotent, the manifold X is a complex parallelisable nilmanifold.
The Iwasawa manifold is an example of this type. We first need an algebraic result.
Lemma 4.6. Let (A·, dA) and (B·, dB) be two complexes of vector spaces and C = A ⊗ B their tensor
product, considered as a double complex, i.e.:
Cp,q := Ap ⊗Bq
∂1(a⊗ b) := dAa⊗ b
∂2(a⊗ b) := (−1)|a|a⊗ dBb
Then C satisfies the page-1-∂1∂2-property.
Proof. First, we compute the first and second pages of the column Fro¨licher spectral sequence. (We only
treat the column case, the row case being analogous.) The first page is the column cohomology:
(1E·,·1 , d1) = (Hq(Cp,·, ∂2), ∂1)
Since ∂2 is, up to sign, IdA⊗dB, one has Hq(Cp,·, ∂2) = Ap⊗Hq(B, dB) and d1 = dA⊗ IdH(B). Therefore,
2E
p,q
2 = H
p(A, dA) ⊗ Hq(B, dB). Now, for every dA-closed element a ∈ Ap and every dB-closed element
b ∈ Bq, the element a⊗ b ∈ Cp+q is d = ∂1 + ∂2 closed. Similarly, if one of the two is dA or dB exact, the
form a⊗ b will be d-exact. Hence we get a natural map ⊕p+q=kHp(A, dA)⊗Hq(B, dB)→ HkdR(C). Since
we are working over a field, the Ku¨nneth formula tells us that this is an isomorphism.
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Given a complex parallelisable nilmanifold Γ\G, let g be the (real) Lie algebra of G, and denote by
J : g→ g the endomorphism induced by the complex structure of the Lie group G. Then J2 = −Id and
[Jx, y] = J [x, y], (14)
for all x, y ∈ g. Let g∗C be the dual of the complexification gC of g and denote by g1,0 (respectively g0,1)
the eigenspace of the eigenvalue i (resp. −i) of J considered as an endomorphism of g∗C. Condition (14) is
equivalent to [g0,1, g1,0] = 0 which is equivalent to d(g1,0) ⊂ ∧2 (g1,0), i.e. there is no component of bidegree
(1, 1). Therefore, ∂¯ is identically zero on
∧
p (g1,0), and ∂ is identically zero on
∧
q (g0,1), that is,
∂|∧p(g1,0) = d|∧p(g1,0) , ∂¯|∧p(g1,0) = 0, ∂|∧q(g0,1) = 0, and ∂¯|∧q(g0,1) = d|∧q(g0,1) . (15)
Theorem 4.7. Complex parallelisable nilmanifolds are page-1-∂∂¯-manifolds.
Proof. Sakane [Sak76] showed that the inclusion of the double complex (
∧·,· g∗C, ∂, ∂¯) as left invariant
forms into the complex of all forms on Γ\G induces an isomorphism of the respective first pages of the
corresponding Fro¨licher spectral sequences (hence of all later pages). But the equations (15) mean that the
double complex (
∧·,· g∗C, ∂, ∂¯) is the tensor product of the simple complexes (∧· g1,0, d) and (∧·, g0,1, d),
so we can apply Lemma 4.6.
4.4 Nilmanifolds with abelian complex structures
In this subsection, we construct two classes of page-1-∂∂¯-manifolds which are not biholomorphic to complex
parallelisable nilmanifolds (see Remarks 4.9 and 4.11). Indeed, they are nilmanifolds endowed with an
invariant complex structure that is abelian, which means that, in contrast to (15), ∂ vanishes on left-
invariant (p, 0)-forms, i.e. ∂|∧p(g1,0) = 0.
Theorem 4.8. Let n ≥ 3 and G be the nilpotent Lie group with abelian complex structure defined by the
structure equations
(Ab1n) dω
1 = 0, dω2 = 0, dω3 = ω2 ∧ ω1, . . . , dωn = ωn−1 ∧ ω1,
or
(Ab2n) dω
1 = 0, . . . , dωn−1 = 0, dωn = ω1 ∧ ω2 + ω3 ∧ ω4 + · · ·+ ωn−2 ∧ ωn−1 (only for odd n ≥ 3).
Then, any nilmanifold Γ\G is a page-1-∂∂¯-manifold.
Proof. Recall that for abelian complex structures, just as for complex parallelisable ones, Dolbeault, Aeppli
and Bott-Chern cohomology groups can be computed via left-invariant forms (see e.g. [LU15] and the
references therein).
We consider first a complex structure defined by (Ab1n). Denote by A the exterior algebra over the
vector space 〈ω1, . . . , ωn, ω1, . . . , ωn〉, which is naturally identified with the space of left-invariant C-valued
forms on G. Let us write A1 for (A, ∂, ∂¯), where the exterior algebra A is equipped with the differentials
defined in the statement (Ab1n) of the theorem.
We can also equip A with a different differential dP1 , which acts as follows in degree 1:
dP1(ω
1) = 0, dP1(ω
2) = 0, dP1(ω
3) = ω2 ∧ ω1, . . . , dP1(ωn) = ωn−1 ∧ ω1.
One has d2P1 = 0, dP1 = ∂P1 + ∂¯P1 , where ∂P1 and ∂¯P1 denote the components of bidegree (1, 0) and (0, 1),
and dP1(A
1,0) ⊆ A2,0. So, (A, dP1) can be considered as the space of left-invariant forms on a nilmanifold
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endowed with a complex parallelisable structure P1. By Theorem 4.7, AP1 := (A, ∂P1 , ∂¯P1) has the page-1-
∂P1 ∂¯P1-property. So, by Theorem 3.1, hBC(AP1) + hA(AP1) = h∂P1 (AP1) + h∂¯P1
(AP1).
Define a C-linear involution C : A → A in degree 1 by C(ω1) = ω1 and C(ωi) = ωi, C(ωi) = ωi for
i > 1 and in degree k by C(α1 ∧ . . .∧αk) := C(α1)∧ . . .∧C(αk). This is compatible with the total degree,
but not with the bigrading. One checks that
C ◦ ∂ = ∂¯P1 ◦ C, and C ◦ ∂¯ = ∂P1 ◦ C.
In fact, this holds in degree 1 and in higher degrees it follows from the Leibniz-rule. As a consequence, C
induces isomorphisms
HBC(A1) ∼= HBC(AP1), HA(A1) ∼= HA(AP1), H∂(A1) ∼= H∂¯P1 (AP1), H∂¯(A1) ∼= H∂P1 (AP1).
Here we mean the total cohomologies, e.g. HBC(A1) =
ker ∂∩ker ∂¯
im ∂∂¯
(A1) = ⊕p,qHp,qBC(A1) and the induced
maps are not assumed to be compatible with the bigrading. The existence of such isomorphisms implies
that we also have an equality hBC(A1) + hA(A1) = h∂(A1) + h∂¯(A1), i.e. the page-1-∂∂¯-property holds for
the space of left-invariant forms on G. Since G carries an abelian complex structure, this implies that Γ\G
is a page-1-∂∂¯-manifold.
We consider now a complex nilmanifold, of odd complex dimension n ≥ 3, defined by (Ab2n). Let us
write A2 for (A, ∂, ∂¯), where the exterior algebra A is now equipped with the differentials defined in the
statement (Ab2n) of the theorem. As before, we may also equip A with a different differential dP2 , which
acts as follows in degree 1:
dP2(ω
1) = 0, . . . , dP2(ω
n−1) = 0, dP2(ω
n) = ω1 ∧ ω2 + ω3 ∧ ω4 + · · ·+ ωn−2 ∧ ωn−1.
One has dP2(A
1,0) ⊆ A2,0, so (A, dP2) can be considered as the space of left-invariant forms on a nilmanifold
endowed with a complex parallelisable structure P2. Hence, AP2 := (A, ∂P2 , ∂¯P2) has the page-1-∂P2 ∂¯P2-
property, by Theorem 4.7, and we have hBC(AP2) + hA(AP2) = h∂P2 (AP2) + h∂¯P2
(AP2), by Theorem 3.1.
Let us define a C-linear involution C : A→ A in degree 1 by
C(ω2i+1) = ω2i+1, C(ω2i+1) = ω2i+1, C(ω2i) = ω2i, for 0 ≤ i ≤ n− 1
2
,
together with C(ω2n) = ω2n and C(ω2n) = ω2n. We extend C to degree k by C(α1 ∧ . . . ∧ αk) :=
C(α1)∧ . . .∧C(αk). One checks that C ◦ ∂ = ∂¯P2 ◦C and C ◦ ∂¯ = ∂P2 ◦C and may conclude as before.
Remark 4.9. Note that C ◦d = dP1 ◦C (similarly for P2), and C is compatible with the real structure. So it
induces an isomorphism of the underlying real Lie groups. However, the corresponding complex nilmanifolds
are not biholomorhic. Indeed, the Hodge number of bidegree (1, 0) is given by
h1,0
∂¯
= 2 for (Ab1n), and h
1,0
∂¯
= n− 1 for (Ab2n),
whereas h1,0
∂¯P
= n for any complex parallelisable nilmanifold of complex dimension n.
Note that the abelian complex structures defined by (Ab1n) and (Ab2n) coincide precisely when n = 3.
We will denote it by J˜ , and we write X˜ = (Γ\G, J˜) for any nilmanifold endowed with such complex
structure.
In the following proposition we prove that, in complex dimension 3, the only complex nilmanifolds which
are page-(r− 1)-∂∂¯ for some r ∈ N? are, apart from a torus, the Iwasawa manifold I(3) and the nilmanifold
X˜. Notice that these results generalise those in §.4.2.
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Proposition 4.10. Let X = (Γ\G, J) be a complex nilmanifold of complex dimension 3, different from a
torus, endowed with an invariant complex structure J . If there exists r ∈ N? such that X is a page-(r− 1)-
∂∂¯-manifold, then J is equivalent to the complex parallelisable structure of I(3) or to the abelian complex
structure J˜ defined by (Ab1n) in Theorem 4.8 for n = 3. In both cases r = 2, i.e. both of these manifolds
are page-1-∂∂¯-manifolds.
Proof. We already know by Theorems 4.7 and 4.8 that I(3) and X˜ are page-1-∂∂¯-manifolds. On the other
hand, it is proved in [LU15] that for any other invariant complex structure J (i.e. not equivalent to J˜ or to
the complex parallelisable structure of I(3)), the nilmanifold X = (Γ\G, J) fails to be pure in degree 4 or
5, that is, the direct sum decomposition of Definition 2.4 is not satisfied for k = 4 or k = 5 (or both). So,
such complex nilmanifolds X = (Γ\G, J) are not page-(r − 1)-∂∂¯-manifolds for any r ∈ N?.
Remark 4.11. According to [Pop15] and [PU18], a compact complex manifold X is called an sGG man-
ifold if every Gauduchon metric ω on X is sG, i.e. ∂ωn−1 is ∂¯-exact. By the numerical characterisation
proved in [PU18, Theorem 1.6], a compact complex manifold is sGG if and only if b1 = 2h
0,1
∂¯
. For instance,
the Iwasawa manifold is sGG (see [PU18]), and more generally any complex parallelisable nilmanifold is
sGG, due to (15).
For the nilmanifolds endowed with the abelian complex structures defined in Theorem 4.8, we have the
following Betti and Hodge numbers:
b1 = 4 6= 2n = 2h0,1∂¯ for (Ab1n), and b1 = 2(n− 1) 6= 2n = 2h
0,1
∂¯
for (Ab2n).
Hence, such complex nilmanifolds are not sGG-manifolds.
On the other hand, all the sGG nilmanifolds of complex dimension n = 3 are identified in [PU18,
Theorem 6.1]. In particular, there exist complex nilmanifolds different from the Iwasawa manifold and X˜
which are sGG, so by Proposition 4.10, they are not page-(r − 1)-∂∂¯-manifolds for any r ∈ N?.
Therefore, the page-1-∂∂¯ and the sGG properties of compact complex manifolds are unrelated.
5 Construction methods for page-r-∂∂¯-manifolds
Theorem 5.1. Let X and Y be compact complex manifolds.
1. If X is a page-r-∂∂¯-manifold and Y is a page-r′-∂∂¯-manifold, the product X × Y is a page-r˜-∂∂¯-
manifold, where r˜ = max{r, r′}.
Conversely, if the product is a page-r-∂∂¯-manifold, so are both factors.
2. For any vector bundle V over X, the projectivised bundle P(V) is a page-r-∂∂¯-manifold if and only if
X is.
3. Suppose X is a page-r-∂∂¯-manifold. Let f : X −→ Y be a surjective holomorphic map and assume
there exists a d-closed (l, l)-current Ω on X (with l = dimX − dimY ) such that f∗Ω 6= 0. Then Y is
also a page-r-∂∂¯-manifold.
In particular, this implication always holds when dimX = dimY , e.g. for contractions (take Ω to be
a constant).
4. Given a a submanifold Z ⊂ X, denote by X˜ the blow-up of X along Z. If X is page-r-∂∂¯ and Z is
page-r′-∂∂¯, then X˜ is a page-r˜-∂∂¯ manifold, where r˜ = max{r, r′}.
Conversely, if X˜ is page r-∂∂¯, so are X and Z.
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5. The page-r-∂∂¯-property of compact complex manifolds is a bimeromorphic invariant if and only if it
is stable under passage to submanifolds.
Proof. The proofs are very similar to those in [Ste20, Cor. 28]. We will be using the characterisation of
the page-r-∂∂¯-property in terms of occuring zigzags (Theorem 2.15) and E1-isomorphisms (Def. 2.17), in
particular Lemma 2.19.
Writing AX as shorthand for the double complex (C
∞·,·(X,C), ∂, ∂¯) and AX [i] for the shifted double
complex with bigrading (AX [i])
p,q := Ap−i,q−iX , we have the following E1-isomorphisms:
1
AX×Y '1 AX ⊗AY (16)
AP(V) '1
rkV−1⊕
i=0
AX [i] (17)
AX '1 AY ⊕AX/f∗AY (18)
A
X˜
'1 AX ⊕
codimZ−1⊕
i=1
AZ [i], (19)
Since the occuring zigzags get only shifted, AX [i] satisfies the page-r-∂∂¯-property if and only if AX
does. Furthermore, a direct sum of complexes satisfies the page-r-∂∂¯-property if and only if each summand
does. So, the second, third and fourth E1-isomorphisms imply 2., 3. and 4.
For the first part of (1), we use the first isomorphism and the fact that one knows how irreducible
subcomplexes behave under tensor product (see [Ste20, Prop. 16]). In particular, even-length zigzags do
not get longer and the product of two length-one zigzags is again of length one. For the converse, note that
AX and AY are direct summands in their tensor product, so we can argue as before.
The ’if’ statement in the last part of (5) is a direct consequence of (4) and the weak factorization theo-
rem [AKMW02], which says that every bimeromorphic map can be factored as a sequence of blow-ups and
blow-downs with smooth centres. The ‘only if’ part also follows from 4. (cf. also [Me19a]). Indeed, let X
be page-r-∂∂¯ and let Z ⊂ X be a submanifold. If Z has codimension one, we replace X by X × P1C (which
is still page-r-∂∂¯ by 1.) and Z by Z×{0}. By assumption, the blow-up is still page-r-∂∂¯ and one can apply
(4) to infer that the same holds for Z. 
Since for surfaces and threefolds, the centre of a nontrivial blow-up is a point or a curve, we get
Corollary 5.2. Fix any r ∈ N. The page-r-∂∂¯-property of compact complex surfaces and threefolds is a
bimeromorphic invariant.
Since it can be proved by the same methods as above, let us also record the following result, although it is
not strictly related to page-r-∂∂¯-manifolds. According to [Pop19], a compact complex manifold X is called
an Er-sGG manifold if every Gauduchon metric on X is Er-sG. Let Tr : H
n−1, n−1
A (X)→ En, n−1r (X) be
the natural linear map given by [α] 7→ [∂α]. Then, a Gauduchon metric ω on X is Er-sG if and only if
[ωn−1]A ∈ kerTr. Since the Gauduchon cone is open and non-empty, the following is an easy generalisation
of an observation in [Pop15]:
1Proved in [Ste20, Sect. 4] and [Ste19], apart from the case of dominations of unequal dimensions, i.e. the
maps addressed in the third isomorphism, which is treated in [Meng19], together with some related work. Cf. also
[RYY19], [YY18], [Meng20] and [ASTT19] for different approaches to the blow-up question in the setting of particular
cohomologies.
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Lemma 5.3. A compact complex manifold X is Er-sGG if and only if Tr = 0.
As a consequence of this, we get the bimeromorphic invariance of the Er-sGG property.
Corollary 5.4. Let X and X˜ be bimeromorphically equivalent compact complex manifolds.
Then, every Gauduchon metric on X is Er-sG if and only if this is true on X˜.
Proof. By the weak factorisation theorem [AKMW02], it suffices again to check this for blow-ups X˜ → X
with d-dimensional smooth centers Z of codimension ≥ 2. After picking any isomorphism realising formula
(19), any class c ∈ Hn−1, n−1A (X˜) can be written as c = cX +cZ , with cX ∈ Hn−1, n−1A (X) and cZ ∈ Hd, dA (Z).
So, Trc = TrcX + TrcZ = TrcX since ∂η = 0 for all (d, d)-forms on Z for dimension reasons. 
Note that the above map Tr is given in all cases by applying ∂. Generally speaking, if A = B⊕C, then
HA(A) = HA(B)⊕HA(C) and Er(A) = Er(B)⊕Er(C) and TAr = TBr + TCr . We omitted the superscripts
on Tr in the above proof for the sake of simplicity.
Acknowledgements. This work has been partially supported by the projects MTM2017-85649-P (AEI/FEDER,
UE), and E22-17R “A´lgebra y Geometr´ıa” (Gobierno de Arago´n/FEDER).”
References.
[AK17] D. Angella, H. Kasuya — Bott-Chern Cohomology of Solvmanifolds — Ann. Glob. Anal. Geom.
52, no. 4 (2017), 363–411.
[AKMW02] D. Abramovich, K. Karu, K. Matsuki, J. W lodarczyk —Torification and factorization of bira-
tional maps — J. Amer. Math. Soc. 15, no. 3 (2002), 531-572.
[ASTT19] D. Angella, T. Suwa, N. Tardini, A. Tomassini — Note on Dolbeault Cohomology and Hodge
Structures up to Bimeromorphisms — arXiv e-print DG 1712.08889v2.
[AT11] D. Angella, A. Tomassini — On cohomological decomposition of almost-complex manifolds and
deformations — J. Symplectic Geom. 9, no. 3 (2011), 403-428.
[AT13] D. Angella, A. Tomassini — On the ∂∂¯-Lemma and Bott-Chern Cohomology — Invent. Math. 192,
no. 1 (2013), 71-81.
[Buc99] N. Buchdahl — On Compact Ka¨hler Surfaces — Ann. Inst. Fourier 49, no. 1 (1999), 287-302.
[Cam91] F. Campana — The class C is not stable by small deformations — Math. Ann. 290, no. 1 (1991),
19-30.
[Del71] P. Deligne — The´orie de Hodge: II — Publ. Math. Inst. Hautes E´tudes Sci. 40, (1971), 5-57.
[DGMS75] P. Deligne, Ph. Griffiths, J. Morgan, D. Sullivan — Real Homotopy Theory of Ka¨hler Manifolds
— Invent. Math. 29, (1975), 245-274.
[Fri19] R. Friedman — The ∂∂¯-Lemma for General Clemens Manifolds — Pure. Appl. Math. Q. 15, no.
2 (2019), 1001-1028.
[Fro¨55] A. Fro¨licher — Relations between the cohomology groups of Dolbeault and topological invariant —
Proc. Nat. Acad. Sci. U.S.A. 41, no. 9 (1955), 641-644.
[FOU15] A. Fino, A. Otal, L. Ugarte — Six Dimensional Solvmanifolds with Holomorphically Trivial Canon-
ical Bundle — Int. Math. Res. Not. IMRN 24, (2015), 13757-13799.
[Lam99] A. Lamari — Courants ka¨hle´riens et surfaces compactes — Ann. Inst. Fourier 49, no. 1 (1999),
263-285.
20
[LP92] C. LeBrun, Y.S. Poon — Twistors, Ka¨hler manifolds, and bimeromorphic geometry II — J. Am.
Math. Soc. 5, no. 2 (1992), 317-325.
[LU15] A. Latorre, L. Ugarte — Cohomological decomposition of complex nilmanifolds — Topol. Methods
Nonlinear Anal. 45, no. 1 (2015), 215-231.
[LZ09] T.-J. Li, W. Zhang — Comparing tamed and compatible symplectic cones and cohomological prop-
erties of almost complex manifolds — Comm. Anal. Geom. 17, no. 4 (2009), 651-683.
[Meng19] L. Meng — Three theorems on the ∂∂¯-Lemma — arXiv e-print AG 1905.13585.
[Meng20] L. Meng — Leray-Hirsh theorem and blow-up formula for Dolbeault cohomology — Ann. di Mat.
Pura ed Appl. (2020), doi: 10.1007/s10231-020-00953-y
[Nak75] I. Nakamura — Complex parallelisable manifolds and their small deformations — J. Differ. Geom.
10, (1975), 85-112.
[Nom54] K. Nomizu — On the cohomology of compact homogeneous spaces of nilpotent Lie groups — Ann.
of Math. 59, (1954), 531-538.
[Pop14] D. Popovici — Deformation Openness and Closedness of Various Classes of Compact Complex
Manifolds; Examples — Ann. Sc. Norm. Super. Pisa Cl. Sci. (5), Vol. XIII (2014), 255-305.
[Pop15] D. Popovici — Aeppli Cohomology Classes Associated with Gauduchon Metrics on Compact Com-
plex Manifolds — Bull. Soc. Math. France 143, no. 3 (2015), p. 1-37.
[Pop19] D. Popovici — Adiabatic Limit and Deformations of Complex Structures — arXiv e-print AG
1901.04087v2.
[PU18] D. Popovici, L. Ugarte — Compact Complex Manifolds with Small Gauduchon Cone — Proc. LMS
116, no. 5 (2018) doi:10.1112/plms.12110.
[RYY19] S. Rao, S. Yang, X. Yang — Dolbeault cohomologies of blowing up complex manifolds — J. Math.
Pures Appl. 130, (2019), 68-92.
[Sak76] Y. Sakane — On Compact Complex Parallelisable Solvmanifolds — Osaka J. Math. 13, (1976),
187-212.
[Ste19] J. Stelzig — The Double Complex of a Blow-up — Int. Math. Res. Not. IMRN, (2019) doi:
10.1093/imrn/rnz139.
[Ste20] J. Stelzig — On the Structure of Double Complexes — arXiv e-print RT 1812.00865v2.
[Wan54] H.-C. Wang — Complex Parallelisable Manifolds — Proc. Amer. Math. Soc. 5, (1954), 771–776.
[Wu06] C.C. Wang — On the Geometry of Superstrings with Torsion — thesis, Department of Mathematics,
Harvard University, Cambridge MA 02138, (2006).
[YY18] S. Yang, X. Yang — Bott-Chern blow-up formula and bimeromorphic invariance of the ∂∂¯-Lemma
for threefolds — arXiv e-print AG 1712.08901v3
Institut de Mathe´matiques de Toulouse, Mathematisches Institut
Universite´ Paul Sabatier, Ludwig-Maximilians-Universita¨t
118 route de Narbonne, 31062 Toulouse, France Theresienstr. 39, 80333 Mu¨nchen, Germany
Email: popovici@math.univ-toulouse.fr Email: Jonas.Stelzig@math.lmu.de
and
Departamento de Matema´ticas - I.U.M.A.,
21
Universidad de Zaragoza,
Campus Plaza San Francisco, 50009 Zaragoza, Spain
Email: ugarte@unizar.es
22
